On the multiplicity of jigsawed bases in compact and countably compact spaces  by Balogh, Zoltan & Griesmer, John
Topology and its Applications 130 (2003) 65–73
www.elsevier.com/locate/topol
On the multiplicity of jigsawed bases in compact
and countably compact spaces
Zoltan Balogh 1, John Griesmer ∗
Department of Mathematics and Statistics, Miami University, Oxford, OH 45056, USA
Received 4 January 2002; received in revised form 18 June 2002
Abstract
We investigate when countable multiplicity of jigsawed bases and similar collections on sets of
various sizes implies metrizability in compact and countably compact spaces.
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Introduction
Following [2], let us say that a family P of sets is ω-in-countable, if for every infinite
set A, there are  ω many P ∈ P such that A⊃ P . P is said to be finite-in-countable, if
every infinite set A has a finite subset I such that I ⊆ P holds for  ω many P ∈ P .
“Space” throughout this paper will mean “Hausdorff topological space”. We will call
a family P of subsets of a space X a jigsawed base (respectively jigsawed base of
neighborhoods), if for every x ∈ X and for every open neighborhood U of x , there is
a finite subfamily F of P such that x ∈ (⋃F)◦ = ⋃F ⊂ U (respectively such that
x ∈ (⋃F)◦ ⊂ ⋃F ⊂ U ). (Together with the concept of T1-separating covers defined
at the beginning of Section 1 below, jigsawed bases (of neighborhoods) were introduced
and researched by Burke and Michael [3,4] on their list of properties (1.1)–(1.5). The
descriptive names in this paper are due to the authors.)
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Burke and Michael [4] proved that a compact space with a point-countable jigsawed
base is metrizable. They asked whether “compact” can be weakened to “countably
compact” in this result and an affirmative answer was given in [1]. In a different direction, it
was shown in [2] that a compact space with an ω-in-countable base is metrizable. Although
both of these results are already significant strengthenings of previous results (cf. [4,2]), it
is obvious to ask whether the following natural extension of both holds.
Question. Is a compact space with an ω-in-countable jigsawed base metrizable?
In Section 3 of this paper we show that under the Continuum Hypothesis CH, the
answer is “no” in a very strong sense: every compact space with |X| = |w(X)| = 2ω is a
counter-example. However, in an exciting way, “everything else is a theorem”. In particular,
in Section 1 we prove that a compact space with a finite-in-countable jigsawed base is
metrizable. Further work in Section 2 extends this result to countably compact spaces
from compact spaces. Finally, in Section 4 we prove that under ℘ > ω1, an assumption
that follows from, e.g., MA(ω1), every compact (or even countably compact) space with
an ω-in-countable jigsawed base is metrizable, so the answer to the original question is
independent of ZFC.
Since the results of [4] and [2] hold for the generality of T1-separating open covers
instead of bases, one may wonder whether the results quoted above hold for similar
generality. Indeed, the results of Sections 1, 2, and 4 hold for T1-separating covers. (See
the beginning of Section 2 for the definition of a T1-separating cover.)
Our terminology and notation will follow that of contemporary set-theoretic topology
as used in [8]. In particular if κ is a cardinal and S is a set then [S]κ (respectively [S]<κ )
will denote the set of all Y ⊂ S such that |Y | κ (respectively |Y |< κ).
1. Compact spaces with finite-in-countable jigsawed bases
We will say that a family P of subsets of a topological space X is a T1-separating
cover, if for every x = y in X there is an F ∈ [P]<ω such that x ∈ (⋃F)◦ and y /∈⋃F .
Note that every jigsawed base of neighborhoods is a T1-separating cover. Also note that
a T1-separating cover consisting of open sets is the same as a T1-separating open cover
in the classical sense [6]. Since the concept of T1-separating defined in [6] has only been
applied to families of open sets prior to this paper, the definition in this paper should cause
no confusion.
Theorem 1.1. A compact space with a finite-in-countable T1-separating cover is metri-
zable.
The rest of this section will be devoted to the proof of Theorem 1.1. It will involve
dealing with sets with holes. We will say that x is a hole in A if x ∈ ({x} ∪A)◦, but x /∈A.
A family P of subsets of a space X will be called an almost T1-separating cover, if for
every x = y in X, there is an F ∈ [P]<ω such that x ∈ ({x} ∪ (⋃F))◦, y /∈⋃F . Our first
lemma says that in some circumstances, “the holes can be filled”.
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Filling the Holes Lemma 1.2. If a space X has a countable almost T1-separating cover
H and |X| 2ω, then X has a countable T1-separating open cover.
Proof. Since |X|  2ω, we can fix a countable family A of subsets of X such that
for every x = y in X, there is an A ∈ A with x ∈ A, y /∈ A. For every F ∈ [H]<ω,
let HF = {x ∈ X: x ∈ ({x} ∪ (
⋃F))◦ and x /∈⋃F}. For F ∈ [H]<ω and A ∈ A, set
HF ,A = ((
⋃F) ∪ (HF ∩A))◦. Note that the HF ,A’s form a countable collection of open
sets. We will finish the proof by showing that they T1-separate the points of X.
To see this, let x = y in X. Pick F ∈ [H]<ω with x ∈ ({x} ∪ (⋃F))◦, y /∈⋃F . Also
pick anA ∈Awith x ∈A, y /∈A. Then y /∈⋃F and y /∈A implies that y /∈HF ,A. We will
show that x ∈HF ,A. If x ∈
⋃F , then x ∈ ({x} ∪ (⋃F))◦ = (⋃F)◦ ⊂HF ,A. If x /∈⋃F ,
then by x ∈ HF ∩ A we conclude that x ∈ ({x} ∪ (
⋃F))◦ ⊂ (HF ∩ A ∪ (⋃F))◦ =
HF ,A. ✷
Remark 1.3. In every discrete space D, P = {∅} is an almost T1-separating cover, but D
does not have a countable T1-separating open cover, if |D| > 2ω. Thus, |X|  2ω cannot
be dropped from Lemma 1.2.
In the proof of the next lemma, θ should be chosen big enough so that the entire proof
can take place in H(θ) = {sets whose transitive closure has cardinality < θ} (see [5]).
G almost covers Y means that Y \⋃G is finite.
Lemma 1.4. Let P be a finite-in-countable T1-separating cover of a compact space X.
Then there is an H ∈ [P]ω which almost T1-separates the points of X.
Proof. Let M be a countable elementary submodel of H(θ) with X,P ∈M. We will
show that H=P ∩M is as required.
Observation. If P ∈ P and |P ∩M| = ω, then P ∈M.
To see that the Observation is true note first that since P is finite-in-countable,
|P ∩M| = ω implies that there is an E ∈ [P ∩M]<ω with P(E) = {P ′ ∈ P : E ⊂ P ′}
countable. Since P,E ∈M, it follows that P(E) ∈M. Since |P(E)| ω we conclude
that P ∈ P(E)⊂M.
To prove that H is as required, let x = y in X. Since P is T1-separating, there
is a Q ∈ [P]<ω with x ∈ (⋃Q)◦, y /∈ ⋃Q. Let F ⊆ Q be minimal with respect to
x ∈ ({x} ∪ (⋃F))◦. We are done if we can prove that F ⊂M which is the goal of the
rest of the proof.
Suppose indirectly that there is a P ∈ F such that P /∈ M. By the Observation,
|P ∩M|< ω. Since F is minimal with respect to x ∈ ({x} ∪ (⋃F))◦, we conclude that
x ∈ P \ ({x} ∪⋃(F \ {P })). Thus the set Z = ({x} ∪ (⋃F))◦ ∩ (P \ ({x} ∪⋃(F \ {P })))
is infinite, and since P ∩M is finite we can pick and fix a point z ∈ Z \M.
For each y ∈ X with y = z let us choose an Fy ∈ [P]<ω such that y ∈ (⋃Fy)◦
and z /∈ ⋃Fy. Set P1 = {F} ∪⋃y =zFy . Note that (⋃F)◦ ∪⋃y =z(⋃Fy)◦ = X. By
compactness of X, there is a G ∈ [P1]<ω such that G covers X. Since G is finite,
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G1 = {G ∈ G: |G ∩M| = ω} almost covers X ∩M. By the Observation it follows
that G1 ∈ M. Further, I = X ∩ M \ ⋃G1, being a finite subset of M, is also an
element of M. Since X ∩M⊂ (⋃G1) ∪ I , it follows that M |=X ⊂ (⋃G1) ∪ I . Since
X,G1, I ∈M, by elementarity it follows that X =⋃G1 ∪ I . On the other hand the only
member of P1 covering z is P . Since |P ∩M|< ω, we conclude that P /∈ G1, and hence
z /∈⋃G1. Since z /∈M, it follows that z /∈ I . Thus z /∈ (⋃G1) ∪ I in contradiction with
X = (⋃G1) ∪ I . ✷
Proof of Theorem 1.1. Suppose that X is a compact space X with a finite-in-countable
T1-separating cover P . By Lemma 1.4, every point in X is a Gδ-point and thus X is
first countable. By Arhangel’skiı˘’s theorem [8, p. 19] it follows that |X|  2ω. Thus by
combining Lemma 1.4 with Lemma 1.2 we conclude that X has a countable T1-separating
open cover and thus it is metrizable [6, p. 475]. ✷
2. Countably compact spaces with finite-in-countable jigsawed bases
In this section we do the extra work necessary to extend Theorem 1.1 to the class of
countably compact spaces.
Theorem 2.1. A countably compact spaceX with a finite-in-countableT1-separating cover
is metrizable.
Note that t (x,X) = ω means that whenever A ⊂ X and x ∈ A, there is a Z ⊂ [A]ω
with x ∈ Z. t (X)= ω means t (x,X)= ω for every x ∈X.
Minimal Unions Lemma 2.2. Suppose that P is a finite-in-countable family of subsets in
a space X, x ∈ X, and t (x,X) = ω. Then there are  ω many F ∈ [P]<ω minimal with
respect to x ∈ ({x} ∪ (⋃F))◦.
Proof. Suppose indirectly that there are distinct Fα ∈ [P]ω,α ∈ ω1, such that each Fα
is minimal with respect to x ∈ ({x} ∪ (⋃Fα))◦. By the ∆-system lemma, we can assume
that 〈Fα〉α∈ω1 forms a ∆-system with rootR ∈ [P]<ω. By the minimality of Fα it follows
that x /∈ ({x} ∪ (⋃R))◦. Thus x ∈ X \ ({x} ∪ (⋃R)) and by t (x,X) = ω we can fix a
Z ∈ [X \ ({x} ∪ (⋃R))]ω with x ∈ Z.
Since x ∈ ({x} ∪⋃Fα)◦ and x ∈ Z \ Z, it follows that |(⋃Fα) ∩ Z| = ω for every
α ∈ ω1. Since Z ∩ (⋃R) = ∅, for every α ∈ ω1, we can pick a Pα ∈ Fα \ R with
|Pα∩Z| = ω. Note that since the setsFα \R, α ∈ ω1, are pairwise disjoint, the Pα’s are all
distinct. Since P is finite-in-countable, for every α ∈ ω1 we can pick an Iα ∈ [Pα ∩ Z]<ω
with P(Iα)= {P ∈ P : Iα ⊂ P } countable. Since [Z]<ω is countable, there is an I ∈ [Z]<ω
with |{α ∈ ω1: Iα = I }| = ω1. For this I , P(I) is countable whereas Pα ⊃ I for ω1 many
α, contradiction. ✷
Example 2.3. The condition “t (x,X)= ω” cannot be omitted from Lemma 2.2 even for a
compact X as is shown by the following example.
Z. Balogh, J. Griesmer / Topology and its Applications 130 (2003) 65–73 69
Let X be the ordinal space ω1 + 1, x = ω1(∈X) and P = {ω1 \ α: α < ω1}. Then P is
point-countable, yet each of the single-member families Fα = {ω1 \α}, α ∈ ω1, is minimal
for x ∈ ({x} ∪ (⋃Fα))◦.
Example 2.4. One may wonder whether under the conditions of Lemma 2.2, the number of
F ∈ [P]ω minimal with respect to x ∈ (⋃F)◦ would be countable. In fact, by Lemma 2.2
in [4], this is the case if P is point-countable. However, if P is finite-in-countable, then
there is no bound on the number of F ∈ [P]<ω minimal with respect to x ∈ (⋃F)◦, as the
following example shows.
Let X be any uncountable space with no isolated points, x ∈X and for every y = x in
X, let Py = {x, y}. Then P = {X \ {x}} ∪ {Py : y ∈ X \ {x}} is finite-in-countable (even
2-in  2) and yet for each y ∈X \ {x}, Fy = {X \ {x},Py} ∈ [P]2 is minimal with respect
to x ∈ (⋃Fy)◦.
Compactness Lemma 2.5. Suppose that X is countably compact and that P1 is a family
of subsets of X such that for every x ∈X,
Px =
{
F : F ∈ [P1]<ω and F is minimal with respect to x ∈
(
{x} ∪
(⋃
F
))◦}
(∗)
is a non-empty countable family. Then the open cover U = {({x} ∪ (⋃F))◦: x ∈ X,
F ∈ [P1]<ω} has a finite subcover.
Proof. Let X,P1 satisfy the conditions of the lemma. For every x ∈ X, let n(x) be the
smallest n ∈ ω such that there is an F ∈ [P]n such that x ∈ ({x} ∪ (⋃F))◦. For n ∈ ω
set Xn = {x ∈X: n(x) n}. It immediately follows from the definition that 〈Xn〉n∈ω is an
increasing open cover of X. Since X is countably compact, there is a smallest n ∈ ω such
that Xn =X. For m n, let Lm =Xm \⋃j<mXj .
Claim. If m  n and L ⊆ Lm is countably compact, then there is a V ∈ [U]<ω such that⋃V ⊃ L.
To see that the Claim is true, note first that since L is countably compact and each
Px is countable, we are done if there is an A ∈ [L]<ω such that ⋃{({x} ∪ (⋃F))◦: F ∈
Px and x ∈A} ⊃ L. Otherwise we can pick a sequence xk ∈L,k ∈ ω, such that
If l > k in ω and F ∈ Pxk , then xl /∈
(
{xk} ∪
(⋃
F
))◦
. (∗∗)
Since L is countably compact, 〈xk〉k∈ω has a limit point x ∈ L. Let F ∈ [P1]m be
such that x ∈ ({x} ∪ (⋃F))◦. Then there are l > k in ω with {xk, xl} ⊂ (⋃F)◦. Since
by xk ∈ L ⊂ Lm we have n(xk) = m and by |F | = m, no F1 properly contained in F
satisfies xk ∈ ({xk} ∪ (⋃F1))◦. Thus, F ∈ Pxk and xl ∈ ({xk} ∪ (⋃F))◦, in contradiction
with (∗∗). The Claim is proved.
Returning now to the proof of our lemma, we are done if we can show that for every
m n, the following holds:
Lm is covered by finitely many members of U . (Cm)
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Suppose indirectly that (Cm) fails for some m  n and take the biggest such m. Then
there is a V ∈ [U]<ω such that ⋃V ⊃⋃m<kn Lk . Applying the Claim to L= Lm \⋃V ,
we conclude that Lm \⋃V , and thus Lm, can be covered by finitely many members of U ,
in contradiction with our assumption that (Cm) fails. ✷
Lemma 2.6. Let P be a finite-in-countable T1-separating cover of a countably compact
space X with t (X)= ω. Then there is anH ∈ [P]ω which almost T1-separates the points
of X.
Proof. The proof of Lemma 1.4 carries over line by line with the single exception that to
find a G ∈ [P1]<ω that almost coversX, we need to use Lemma 2.5 instead of compactness.
The sets Px in Lemma 2.5 are countable by Lemma 2.2. ✷
Proof of Theorem 2.1. Consider a new closure operation˜on X, defined by Y˜ =⋃{A: A ∈ [Y ]ω}.˜defines a countably compact Hausdorff topology τ˜ on X that refines
the original topology τ on X. Also note that the space X˜ = 〈X, τ˜ 〉 satisfies t (X˜)= ω. Thus
by Lemma 2.6, X˜ has an almost T1-separating countable coverH.
We are going to prove that X˜ is second countable. Suppose not. Then by the Hajnal–
Juhasz Reflection Theorem (see [5]), X˜ has a subspace S of cardinality  ω1 which is
not second countable. By making sure in an ω1 step iteration that each countably infinite
subset has a limit point we can construct a countably compact subspace Z ⊃ S of X˜
such that |Z|  2ω. By applying Lemma 2.6 and then Lemma 1.2 on Z it follows that
Z has a countable T1-separating open cover U . Since Z is countably compact, the finite
intersections of the complements of members of U form a countable network N for Z.
Since Z is a countably compact space with a countable network, it follows that Z is a
compact Hausdorff space with a countable network, and thus a second countable space, in
contradiction with Z ⊃ S.
Thus X˜ is a second countable countably compact Hausdorff space and so X˜ is also
compact. τ is a coarser Hausdorff topology on X than the compact Hausdorff topology
τ˜ . By the “minimal Hausdorff” property of compact Hausdorff topologies, it follows that
τ = τ˜ . Thus 〈X,τ 〉 is also a second countable compact space. ✷
3. ω-in-countable jigsawed bases under CH
Lemma 3.1. (CH) Every space X with |X|  2ω and w(X)  2ω has an ω-in-countable
jigsawed base.
Proof. We may assume without loss of generality that |X| ω, and w(X)= ω1. We will
make use of the following simple combinatorial fact:
(F) If |S| = ω andA is a countable collection of infinite subsets of S, then there is
a partition S = S0 ∪S1 of S such that |A∩Si | = ω for every A ∈A and i ∈ {0,1}.
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Now, let 〈Aα〉α∈ω1 be a list of all members of [X]ω, and let 〈Bα〉α∈ω1 list all members
of a base B for X. By applying (F) toA= {Aβ ∩Bα : β < α and |Aβ ∩Bα | = ω}, ifA = ∅,
and to S =⋃A for every α ∈ ω1, we can define a partition Bα = Bα0 ∪ Bα1 of Bα such
that
β < α in ω1 and |Aβ ∩Bα | = ω imply |Aβ ∩Bα0| = ω and |Aβ ∩Bα1| = ω.
P = {Bαi : α ∈ ω1, i ∈ {0,1}} is clearly a jigsawed base for X. To prove that P is ω-in-
countable, let A ∈ [X]ω. Then there is a β ∈ ω1 with A=Aβ . By (P), A ⊂ Bαi for α > β ,
i = 0,1. ✷
Corollary 3.2. (CH) The ordinal space ω1 + 1 is a nonmetrizable compact space with an
ω-in-countable jigsawed base.
4. ω-in-countable jigsawed bases under ℘ >ω1
In this section we show that the answer to the Question in the introduction is
independent of ZFC set theory. Recall that ℘ is the minimum cardinality of a collectionA
of subsets of ω such that
⋂A is infinite for every A′ ∈ [A]<ω, yet there is no C ∈ [ω]ω
with C \A finite for every A ∈A. Martin’s Axiom MA(ω1) implies ℘ >ω1 [7].
Theorem 4.1. (℘ > ω1) Every countably compact space X with an ω-in-countable T1-
separating cover is metrizable.
Lemma 4.2. (℘ > ω1) Suppose that P1 is an ω-in-countable family of subsets in a space
X, x ∈X and t (x,X)= ω. Then there are  ω many F ∈ [P1]<ω minimal with respect to
x ∈ ({x} ∪ (⋃F))◦.
Proof. Suppose not. Then, following the first section of the proof of Lemma 2.2, there
is a ∆-system 〈Fα〉α<ω1 with root R of distinct Fα ∈ [P1]<ω minimal with respect to
x ∈ ({x} ∪ (⋃Fα))◦, and there is a Z ∈ [X \ ({x} ∪ (⋃R))]ω such that x ∈ Z \ Z. Since
x ∈ ({x} ∪ (⋃Fα))◦, every finite subfamily of the family C = {({x} ∪⋃Fα)∩Z: α ∈ ω1}
of subsets of Z has infinite intersection. Now note that since ({x} ∪ (⋃R)) ∩Z = ∅, C =
{⋃(Fα \R)∩Z: α ∈ ω1}. Let U ⊃ C be a free ultrafilter on Z. Since ⋃(Fα \R)∩Z ∈ U ,
for every α ∈ ω1, we can pick a Pα ∈ Fα \R such that Pα ∩ Z ∈ U . Thus every finite
subfamily of {Pα ∩ Z: α ∈ ω1} has infinite intersection. By ℘ > ω1, there is a L ∈ [Z]ω
such that L \ (Pα ∩ Z) is finite for every α < ω1. But then there is an I ∈ [L]<ω with
L \ I ⊂ Pα ∩ Z for uncountably many α ∈ ω1, in contradiction with our assumption that
P1 is ω-in-countable. ✷
Remark. Examples 2.3 and 2.4 show that the conditions “t (x,X) = ω” and x ∈ ({x} ∪
(
⋃F))◦ (instead of x ∈ (⋃F)◦) are necessary in Lemma 4.2.
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Lemma 4.3. (℘ > ω1) Let X be a countably compact, countably tight space, let P
be an ω-in-countable T1-separating cover. Let Y =⋂{⋃G: G ⊂ P is a finite minimal
almost cover of X}, and R = X \ Y . Suppose F ∈ [P]<ωis minimal with respect to
x ∈ ({x} ∪ (⋃F)∪R)◦.
Then for every P ∈F , there is a finite minimal almost cover G ⊂P ∪ {R} with P ∈ G.
Proof. Let P ∈ F . Then x ∈ P \ (R ∪ (⋃(F \ {P }))∪ {x}), since otherwise F is not
minimal. Fix z ∈ ({x} ∪ (⋃F) ∪ R)◦ ∩ (P \ (R ∪ (⋃(F \ {P })) ∪ {x})). Since P is T1-
separating, for every y ∈X \ {z} there is an Fy ∈ [P]<ω with y ∈ (⋃Fy)◦, z /∈⋃Fy . Note
that {((⋃F) ∪R)◦, (⋃Fy)◦: y ∈X} covers X. Set P1 = F ∪⋃y =zFy . By Lemma 4.2,
P1 satisfies (∗) of Lemma 2.5. Thus, P1 contains a finite minimal almost cover G of X.
By z /∈ R, it follows that z ∈⋃G. However, the only member of P1 covering z is P , so
P ∈ G. ✷
Lemma 4.4. (℘ > ω1) Let P be an ω-in-countable cover of an infinite set X. Then there
are at most ω minimal almost covers G ∈ [P]<ω of X.
Proof. Suppose not. Then there is a ∆-system 〈Gα〉α∈ω1 with root R of distinct minimal
almost covers Gα ∈ [P]<ω of X. Note that by minimality, |X \ (⋃R)|  ω. Fix a
Z ∈ [X \ (⋃R)]ω. Then each Gα \R, α ∈ ω1, is an almost cover of Z. Let U be a free
ultrafilter on Z. Since
⋃
(Gα \R)∩Z ∈ U , for every α ∈ ω1 we can pick a Pα ∈ Gα \R such
that Pα ∩Z ∈ U . Then every finite subfamily of {Pα ∩Z: α ∈ ω1} has infinite intersection,
so by ℘ >ω1 there is L ∈ [Z]ω with L\ (P∩Z) finite for every α ∈ ω1. Then, for ω1 many
α ∈ ω1, there is an I ∈ [L]<ω such that L \ I ⊂ Pα , in contradiction with our assumption
that P is ω-in-countable. ✷
Lemma 4.5. (℘ > ω1) Let P be an ω-in-countable T1-separating cover of a countably
compact space X with t (X)= ω.
Then there is anH ∈ [P]ω which almost T1-separates the points of X.
Proof. Let R be as in Lemma 4.3. By Lemma 4.4, R is countable. Let
H =
⋃{G: G ⊂P ∪ {R}, G is a finite minimal almost cover of X}
∪ {R \ I : I ∈ [R]<ω}.
By Lemma 4.4 H is countable. To prove that H almost T1-separates the points of X, let
x = y in X. Since P is T1-separating, there is an Fx ∈ [P]<ω with x ∈ (⋃Fx)◦, y /∈⋃Fx .
Let F ⊂ Fx be minimal with respect to ({x} ∪ (⋃F) ∪R)◦, and set F∗ = F ∪ {R \ {y}}.
Then by Lemma 4.3, F∗ ∈ [H]<ω, x ∈ ({x} ∪ (⋃F∗))◦ and y /∈⋃F∗. ✷
Proof of Theorem 4.1. The end of the proof of Theorem 4.1 is identical to that of
Theorem 2.1, with Lemma 4.5 cited in place of Lemma 2.6. ✷
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